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Possible Types of the Evolution of Vacuum Shells around the de Sitter Space
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All possible evolution scenarios of a thin vacuum shell surrounding the spherically symmetric de
Sitter space have been determined and the corresponding global geometries have been constructed.
Such configurations can appear at the final stage of the cosmological phase transition, when isolated
regions (islands) of the old vacuum remain. The islands of the old vacuum are absorbed by the
new vacuum, expand unlimitedly, or form black holes and wormholes depending on the sizes of the
islands as well as on the density and velocity of the shells surrounding the islands.
PACS numbers: 04.20.-q, 04.70.-s, 98.80.-k
The dynamical evolution of a self-gravitating old vac-
uum island (bubble) appearing between growing and in-
tersecting new-vacuum islands in the process of the cos-
mological phase transition in the early universe is ana-
lyzed. The inner and outer parts of the bubble are simu-
lated by the de Sitter and Schwarzschild metrics, respec-
tively. It is also assumed that the domain wall separating
the outer and inner parts of the bubble is a thin shell.
Various particular cases of this problem were considered
in many works on cosmological phase transitions (see,
e. g.., early works [1–4]), which can give rise to the for-
mation of black holes and various types of wormholes
[4, 6–10]. In this work, all possible evolution scenarios of
a thin vacuum shell surrounding the spherically symmet-
ric de Sitter space are determined and the corresponding
global geometries are constructed. The determination of
possible evolution scenarios for vacuum bubbles can serve
as a basis for calculations of the probabilities of forming
wormholes and primary black holes in detailed models of
phase transitions.
In the thin-shell formalism [5], the equations of motion
of the vacuum bubble can be written in the form [6, 9]
4piS=
σin
ρ
√
ρ˙2+1− 8pi
3
ρ2ε− σout
ρ
√
ρ˙2+1− 2m
ρ
, (1)
where ρ(τ) is the bubble radius, τ is the observer time
on the shell, S is the surface energy density of the bubble
on the shell, ε is the energy density inside the shell, m is
the total Schwarzschild mass of the shell, and σin,out =
±1. For subsequent analysis, it is convenient to represent
this equation of motion in the form of the equation for
the effective energy, ρ˙2 + U(ρ) = 0, where the effective
potential has the form
U(ρ) = 1−
[
ε(1 + e)
3S
]2
ρ2−
(
1− 1
e
)
m
ρ
− m
2
16pi2S2ρ4
, (2)
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In this case,
σin = sign
[
m− 4pi
3
ρ3ε(1− e)
]
; (3)
σout = sign
[
m− 4pi
3
ρ3ε(1 + e)
]
. (4)
where e = 6piS2/ε.
This problem involves four characteristic radii: two
gravitational radii
ρbh,1 =
√
3
8piε
ρbh,2 = 2m, (5)
as well as two radii
ρ1=
[
3
4pi
m
ε(1− e)
]1/3
ρ2=
[
3
4pi
m
ε(1 + e)
]1/3
, (6)
at which σ changes sign. Note that the radius v exists
only for e < 1, i. e., for ε > 6piS2. The behavior of the so-
lutions of evolution equation (1) depends on the relative
values of the four characteristic radii ρbh,1, ρbh,2, ρ1 and
ρ1, and on the presence or absence of the intersection of
the potential with the U = 0 axis. Let us consider suc-
cessively all the possible combinations by analogy with
the analysis performed in [9].
The condition of the intersection of the potential
U(ρ) = 0 with the U = 0 axis is determined by the
mass parameter
m0 =
y2{[
2piS
(
1+ 1e
)]2
y2+
(
1− 1e
)
y+(4piS)−2
}3/2 , (7)
where
y =
1− 1e +
√
(1− 1e )2 + 8(1 + 1e )2[
4piS
(
1 + 1e
)]2 . (8)
The potential intersects the U = 0 axis only if m < m0.
It can be easily shown that the second derivative of the
potential is always negative. This means that the stable
2equilibrium position is absent in this problem. The case
m < m0 is divided into subcases. If m < m1, where
m1 =
(
3
32pi ε
)1/2
(1− e) < m0, (9)
the four radii satisfy the inequalities ρbh,2 < ρ2 < ρ1 <
ρbh,1 (if ρ1 exists). The radii ρ1 and ρ2 are in the forbid-
den region and the shell does not intersect them in this
case. If e < 1 (i. e., ε > 6piS2) and the shell moves from
infinity with a negative velocity, i.e., contracts, then the
shell reaches the stop point, is reflected, and begins to ex-
pand infinitely. This solution corresponds to case C from
[9]. This solution corresponds to CarterPenrose diagram
(a) and embedding diagram (i) in the Fig. 1. Accord-
ing to these diagrams, the shell moves in the space-time
region R− of the outer metric and forms a wormhole [6].
CarterPenrose diagram (b) and embedding diagram (j)
in the Fig. 1 correspond to the case e > 1 and motion of
the shell from infinity with a negative velocity. In this
case, the shell also moves in the region R− of the outer
metric and forms a wormhole [6].
If the shell moves with a positive velocity (expands)
from the origin, it reaches the stop point, is reflected,
and begins to contract. In this case, the shell evolution
corresponds to solution “A” from [9] and to diagrams
(c) and (k) in the Fig. 1. In this case, the shell does
not intersect the region R− and, therefore, a black hole,
rather than a wormhole, is finally formed [6].
The next case is m1 < m < m2, where
m1 < m2 =
[
32pi
3
ε(1 + e)
]−1/2
< m0. (10)
In this case, the four radii satisfy the inequalities ρbh,2 <
ρ2 < ρbh,1 < ρ1. The radius ρ2 is in the forbidden re-
gion and the shell does not intersect it. In this case, if
the shell moves from infinity with a negative velocity, it
reaches the stop point, is reflected, and begins to expand.
This solution is solution “D” from [9]. This solution cor-
responds to CarterPenrose diagram (b) and embedding
diagram (j) in the figure. In this case, the shell intersects
the region R− and forms a wormhole [6]. If the shell ini-
tially moves with a positive velocity from the origin, this
is case “A” from [9] and corresponds to diagrams (c) and
(k) in the Fig. 1. In this case, the black hole is finally
formed.
Correspondingly, when m2 < m < m0, the potential
intersects the U = 0 axis. In this case, the four character-
istic radii satisfy the inequalities ρ2 < ρbh,2 < ρbh,1 < ρ1.
The case where the shell moves from infinity with a neg-
ative velocity reduces to the case considered above. This
is case “D” from [9]. If the shell moves with a positive
velocity from the origin, this is case “B” from [9]. This
case corresponds to diagrams (d) and (j). In this case,
the shell intersects the region R− of the outer metric and
forms a wormhole [6].
The final possible case is m > m0. In this case, the
potential does not intersect the U = 0 axis and there is no
a) b)
d)c)
e) f)
g) h)
i) j)
k) l)
FIG. 1: CarterPenrose diagrams and embedding diagrams
describing all possible types of the global symmetry around
the de Sitter space.
reflection point in the solution. This is case “E” from [9].
We consider this case in more detail, because it was not
analyzed in [9]. In this case, two subcases are possible.
If m0 < m < m3, where m3 = (32piε/3)
−1/2, the four
characteristic radii satisfy the inequalities ρ2 < ρbh,2 <
ρbh,1 < ρ1. If the shell is initially near the origin and its
velocity is positive, it expands infinitely as follows from
diagrams (e) and (j). In this case, the shell intersects
the region R− of the outer metric and, therefore, forms
a wormhole [6]. If the shell is initially at infinity and its
velocity is negative, nothing prevents it from contracting.
This case corresponds to diagrams (f) and (j). It is seen
that the shell finally intersects the region R− of the outer
metric and forms a wormhole [6].
The next possible case depends on the relation between
ε and 6piS2. Ifε < 3piS2(1 +
√
5), then m4 < m5, where
m4=
(
32piε
3
)−1/2
(1 + e), m5=
[
32piε
3
(1− e)
]−1/2
. (11)
When m3 < m < m4, the four characteristic radii sat-
isfy the inequalities ρ2 < ρbh,1 < ρbh,2 < ρ1. This case
corresponds to CarterPenrose diagram (g) for an expand-
ing shell and diagram (h) for a contracting shell. Cor-
responding embedding diagram (l) is shown only con-
ditionally, because the existence regions of the de Sit-
ter and Schwarzschild embedding diagrams in this case
do not overlap. Correspondingly, when m4 < m <
m5, the four characteristic radii satisfy the inequalities
ρbh,1 < ρ2 < ρbh,2 < ρ1. In this case, the Carter-
Penrose diagram remains unchanged. In the final case
m > m5, the four characteristic radii satisfy the inequal-
ities ρbh,1 < ρ2 < ρ1 < ρbh,2 and the corresponding
diagrams also remain unchanged. If ε > 3piS2(1 +
√
5),
3then m4 > m5 and, therefore, ρbh,2 and ρ1, rather than
ρ2 and ρbh,1, first change their places. The qualitative
pattern of the dynamical evolution does not change in
this case.
In conclusion, we note that the total shell mass m that
makes it possible to determine and systematize all possi-
ble global geometries of the evolving shell around the de
Sitter space is determined by the energy density ε inside
the shell and the surface energy density S on the shell,
as well as depends implicitly on the initial radius and
velocity of the shell at the instant of bubble formation.
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